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Abstract 

An adjustable-stiffness actuator composed of two antagonistic non-linear springs is proposed 
in this paper. The elastic device consists of two pairs of leaf springs working in pure bending 
under large displacement hypothesis. Owing to this geometric non-linearity, the global 
stiffness of the actuator can be adjusted by modifying the shape of the leaf springs. A 
mathematical model has been developed in order to predict the mechanical behaviour of our 
proposal. The non-linear differential equation derived from the model is solved, obtaining 
large stiffness variations. 
 

1 Introduction 

In most of the industrial activities where robots have been 
introduced, a stiff performance is preferred to fulfill the 
metrics based on movement accuracy, load capacity and 
easy trajectory tracking control. In industrial activities, 
reducing the stiffness protects the robot against possible 
impacts with human operators or other elements when 
working in unstructured environments, and facilitates 
dexterous tasks such as polishing or peg-in-hole. 
However, compliance deteriorates the robot accuracy and 
load capacity, and makes the control more difficult. A 
robot able to adapt its compliance/stiffness according to 
the type of task or movement could maintain the 
advantages of both stiff manipulators and safe-dexterous 
compliant ones [1]. In line with this application, variable 
stiffness/compliance actuators have also been 
successfully included in compliant endoscopes, robotic 
surgery, prosthetics and robots aiding in rehabilitation 
therapy. 
 
Very different in nature are the applications in which the 
natural frequency is changed. This is the case of some 
adaptive vibration absorbers in which the stiffness is 
adjusted according to the varying excitation frequency [2, 
3, 4, 5]. These adaptive absorbers have been attached to 
buildings, floating rafts, automobiles and, in general, 
rotating machines where excessive vibrations produce 
fatigue, discomfort, increased maintenance and 
deteriorated performance. Also interesting is the case of 
efficient legged robots based on the concept of passive 
dynamic walking [6, 7, 8], in which adaptable compliance 
actuators allows the robot to change its natural walking 
speed. 

 
Recent research dealing with variable stiffness actuators 
has predominantly focused on four principal technologies: 
electroactive polymers (EAPs), pneumatic actuators, 
electrical motors with active compliance and adjustable-
stiffness elastic elements. 
 
EAPs are polymers whose shape is modified when they 
are supplied a voltage [9]. They are able to undergo a 
large amount of deformation, which makes them the 
suitable option in guide wires, leads and catheters. Its 
main drawback is its high non-linearity. 
 
Pneumatic artificial muscles are typically contractile 
devices operated by pressurized air, which can be varied 
to regulate the muscle stiffness. They require an 
antagonist setup to generate a restoring movement or 
force. The majority of the pneumatic systems are based 
on the McKibben muscle [10] which bulges, shortens and 
generates a contraction force when it is inflated. The main 
drawbacks are low efficiency, lack of precision and that 
they need an air compressor. 

 

Fig. 1 Adjustable-stiffness spring composed by two 
antagonistic non-linear springs. 
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Figure 2: Proposal of an adjustable-stiffness spring using 
leaf springs for large displacements. 

Force control based on electrical motors with active 
compliance is the technique used by most of compliant 
industrial robots. It does not include a real elastic 
element. Instead, a force sensor measures the external 
force/torque applied to the end-effector when interacting 
with the environment and adjusts the forces applied to the 
joints in order to imitate and tune a spring. This method 
permits a compliant operation without losing accuracy or 
load capacity. Its main disadvantage is that it requires a 
force sensor and that it drains a constant energy even 
when no work is being performed. The impedance control 
[11] is the most implemented method. Some of its 
limitations can be reduced by introducing a constant 
stiffness coupling attached to the end-effector, like in the 
series elastic actuator [12]. 
 
Adjustable-stiffness elastic elements are based on an 
elastic passive element whose stiffness can be adjusted. 
These techniques introduce the possibility of regulating 
the natural frequency of the element where the joint is 
included. Three concepts can be differentiated ([8]): 
 

- The variable stiffness actuators based on an 
antagonistic setup consisted of two non-linear 
springs working simultaneously and in opposition. An 
example of this technique is the design proposed in 
[13] using rolamites with quadratic characteristics. 
The quadratic characteristic decouples joint stiffness 
and deflection, and it has also been pursued in [14, 
15]. Other models based on an antagonistic setup 
are the ones presented in [16, 17] or the ones using 
pneumatic artificial muscles. 

- The Structure-Controlled Stiffness concept is based 
on the variation of the effective length of a compliant 
element. Examples of this group is the Jack Spring 
[18] or the ones presented in [19, 20]. The design 
from Gonzalez et al. [21] falls on this structure, giving 
high stiffness variation. 

- In the Mechanically-Controlled Stiffness actuators, 
the adaptable compliance is accomplished by an 
electrical motor that modifies the force exerted by an 
elastic element [8]. A controlled non-linear 
relationship between force/torque and 
displacement/rotation permits the adjustment of the 
effective stiffness. 

This paper presents an adjustable-stiffness spring based 
on a compound leaf spring made of strips of sheet metal 
clamped at each end. The scheme is similar to the 
vibration absorber of [2], although this new actuator does 
not require additional masses and the movement is 
directed in the longitudinal direction instead of the 
transversal one. This feature leads to a different method 
to vary the stiffness. 
 

The layout of the paper is organized as follows. Section 2 
explains the set-up of the proposed solution and the way it 
works. Section 3 includes the mathematical model and the 
results obtained from its formulation. Section 4 shows the 
principal aspects related to the fabrication of the 
prototype. Finally, the conclusions derived during the 
development of the scheme are presented in Section 5. 

2 An adjustable-stiffness spring 

The stiffness of a spring is the relationship between a 
force applied to both extremes of the spring and the 
displacement that it experiments. As previously 
mentioned, an antagonistic set-up is one of the 
possibilities to build an adjustable stiffness spring. Fig. 1 
shows a scheme that can vary its stiffness according to 
this concept. The elastic elements are labeled as 3 and 
bars where are located forces are labeled as 1 and 2. By 

modifying the distance , the springs are pre-compressed, 
and consequently the global stiffness of the device is 
changed. However, this variation will occur only if the 
springs have a non-linear function between force and 
displacement. Non-linear springs can be built by means of 
helicoidal springs with a non-constant step between 
spires. In [13] an adjustable-stiffness spring is proposed 
using two rolamite springs with a quadratic function 
between force and displacement. 
 
Following the scheme of fig. 1, this paper proposes an 
adjustable-stiffness spring with antagonistic springs, 
working in pure bending under large displacements, as it 
is shown in fig. 2. Such springs have important 
advantages: they can work with very high forces (higher 
than rolamite springs, rubber bands, polymer, etc) and 
they can change their stiffness in a highly wide range of 
values. We can obtain stiffness variations of 1500%, 
much higher than using helicoidal springs, magnetoelastic 
materials or rolamite springs. 
 
The description of the mechanism is as follows. Bars 
where force is applied are labeled as 1 and 2 in fig. 2. 
Four leaf springs working in pure bending under large 
displacements are labeled as 3. Label 4 refers to a screw 
attached to bar 1 through a rotational joint. Turning the 
screw forces the displacement of the semi-cylinder 
shaped nut (label 5), to which the leaf springs are 

clamped. This action modifies the distance  between 
semi-cylinders, changing the shape of the leaf springs, 
and consequently the global stiffness as well. An electric 
motor, labeled as 7, moves the screw through a pulley. 
The screw has right-handed thread for right side and left-

handed thread for left side, and therefore distance  is 
symmetrically changed. In consequence the spring varies 
its stiffness without changing its equilibrium position in 
absence of forces. 

 

Figure 3: Different positions of the compliant-actuator on 

varying ; (a) low stiffness, (b) high stiffness configuration. 
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Figure 4: A 3D-CAD model of the prototype (above) and a 
structural model of one of the leaf springs (below). 

Leaf springs must be protected from excessive 
curvatures. Hence, a protection system has been 
included which is composed of four rollers (label 6) and 
two semi-cylinders (label 5) where the leaf springs are 
clamped. Accordingly, the protection system ensures that 
leaf springs do not plasticize when they adopt their 
maximum curvature. Fig. 3 shows different positions of 

the spring by modifying distance . Fig. 3(a) and 3(b) 
show a low and high stiffness configuration, respectively. 

If  < ', the displacement of the spring will be x > x', 
for the same force F. 

3 Mathematical modelling 

In this section a mathematical model of the 
aforementioned elastic device is developed. Fig. 4 shows 
a 3D-CAD model of the prototype. As commented before, 
the global stiffness of the actuator is adjusted by 
modifying the shape of the leaf springs. Notice that no 
longitudinal compressive force is applied to the leaf 
springs by the rollers (label 6), meaning that buckling is 
not considered in this case. Having this in mind, each one 
of the leaf springs can be modeled like a beam-type 
structure clamped in its inner extreme and with horizontal 
displacement-free in its outer extreme, working in bending 
only, but under large displacement hypothesis. That is the 
reason why the curvature expression cannot be linearized 
as usual. Hence the deformed shape is given by the one 
that minimizes the elastic potential energy, that is, 





'' 2

' 20

1 ( )
( )

2 1 ( )

L Y s
U Y EI ds

Y s
 

where Y(s) is the deformed shape as a function of s, the 
curvilinear coordinate, measured along the arc length 
described by the leaf spring. The term EI, known as the 
flexural stiffness, is the product of the Young's modulus, 
E, and I, the moment of inertia of the cross-sectional area 
of the leaf spring with respect to the bending axis, and L 

is the length of the leaf spring, which can be changed by 
modifying the rollers position. 
 
 

 

Figure 5: Shape of the leaf spring for different aspect ratio 
values. 

As the energy functional U is strictly convex in the pair 
(Y´, Y´´), we can state that Y(s) is the unique solution of its 

associated Euler-Lagrange equation [22]  

 

   

  
  

  
   
  

''

1/2 1/2
' 2 ' 2

( ) 1
0

1 ( ) 1 ( )

d d Y s
EI

ds ds Y s Y s

, 

where s  (0, L), with L unknown. By using the change of 

variables 
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we arrive at this (apparently) more treatable differential 
equation in Cartesian coordinates 
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where now xf is the (known) horizontal distance between 

the extremes of the leaf spring, with the boundary 
conditions (see Figure 4) 

    (0) , '(0) ( ) '( ) 0f f fy y y y x y x , 

meaning that the leaf spring is clamped in the upper 

extreme, that is, y0(0) = 0, and the contact point with the 

roller can be modeled as a pinned condition with no 

rotation, that is, y´(xf) = 0. Even though this new 

differential equation is highly non-linear, for this particular 
case and after having integrated twice, it is possible to 
reduce it to one with separate variables (using a new 

change of variables, w(x) = y0(x), for instance), and 

therefore to find the solution in close form, 
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where the parameter a is obtained by imposing that 

y(xf) = 0, that is, a is numerically computed from the 

integral equation 
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Fig. 5 shows the shapes obtained for different values of 

the aspect ratio,  = xf/yf. Once the deformed shapes 

have been obtained, it is easy to compute the stored 

energy (in one leaf spring) as a function of  (see fig. 6). 
 

Assume a spring displacement d = xf0 - xf, where xf0 is the 

horizontal distance between the extremes of the leaf 
spring for an initial configuration (see fig. 4). Computing 
both the first derivative and the second derivative of the 
energy (for all of the four leaf springs working together) 
with respect to the displacement d, we obtain the 

theoretical family of curves for both force-displacement 
and stiffness-displacement (see fig. 7 and 8, respectively). 
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Figure 6: Elastic potential energy of a leaf spring versus 
aspect ratio. 

 

 

Figure 7: Force-displacement curves for different aspect 
ratio values. 

4 Fabrication of the prototype 

This section is devoted to describe some aspects 
concerning the design process and fabrication of the 
prototype. It is important to notice that before testing the 
prototype, the deformed shape of one leaf spring was 
measured by means of a tridimensional coordinate 
measuring machine, showing a similar profile that the one 
obtained from the mathematical model. 
 
The first step in the design process of the prototype 
consists in defining the dimensions of each one of the leaf 
springs. In this case, we have chosen a leaf spring with a 

width w = 50 x 10
-3

 m and a thickness t = 0.5 x 10
-3

 m. Its 

length is determined by the aspect ratio  of the spring. 
More specifically, the prototype has a variable aspect 

ratio between 0 = 3.5 and 1 = 2.0. Once the geometric 

parameters of the prototype have been fixed, both the 
roller radius and the semi-cylinder radius that ensure no 
yielding of the leaf spring are computed. The classic 
formula for determining the bending stress in a bar under 
simple bending is: 

   max

M
y

I
, (1) 

where   is the bending stress, M is the moment about 

the neutral axis and ymax is the perpendicular distance to 

the neutral axis (in this case ymax = t/2). On the other 

hand, the ratio between the bending moment M and the 
radius of curvature R can be written as: 

 
EI

M
R

, (2) 

Replacing equation (2) in (1), we obtain the expression of 
the limit radius of the bar in elastic region as: 

 
σ


2 y

Et
R , (3) 

where y is the yield stress. From (3), and using the 

following values: E = 2.1x10
11

 N/m
2
, t = 0.5 x 10

-3
 m, 

y = 1500 MPa, the radius of the protection system 

(label 5 and 6) is given by R = 35 x 10
-3

 m. 

 
As the mathematical model does not take into account the 
friction, we have tried to reduce it between mechanical 
elements of the prototype as much as possible, in order to 
experimentally obtain the range of stiffness expected from 
the theoretical model. In this way, the rollers (label 6) 
have been made of polyamide material, which exhibits a 
low coefficient friction. In addition, each axis roller is 
supported by two single-row deep groove ball bearings. 
Another important aspect in the design process has been 

the accuracy in changing the distance  between semi-

cylinders (label 5), which defines the aspect ratio  of the 
leaf spring, that is, 

 
δ

α



2 f

D

y
, (4) 

where D is the horizontal distance between the centers of 

the rollers (see fig. 2), and has been given a value of 345 

x 10
-3

 m, and yf = 40.5 x 10
-3

 m. With this aim, a double-

row angular contact ball bearing has been attached to the 
screw (label 4). Furthermore, in order to reduce the friction 
with the screw, each semi-cylinder has a bronze bearing. 
Fig. 9 shows the manufactured prototype. 
 

 

Figure 8: Stiffness-displacement curves for different aspect 
ratio values. 
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Figure 9: Prototype of adjustable-stiffness spring. 

5 Conclusion 

The present paper proposes a new model of an 
adjustable-stiffness spring. The proposed device has four 
leaf springs with non-linear elastic deformations. The 
geometry of the leaf spring can be modified by means of 
an electric motor that adjusts the stiffness of the spring to 
the desired value. The most important characteristic is its 
large stiffness range (with variations greater than 1500%), 
and its scalability for working with very high and very low 
loads. These characteristics allow the spring to be used 
for different purposes, like robotics, or vibration 
cancelation. All of these applications need different values 
of the stiffness and of its range of variation. This paper 
also proposes an analytical model that allows the leaf 
springs to be dimensioned for every specific purpose. 
Finally, a prototype of the spring has been built. In future 
works the prototype will be test in order to verify the 
behavior of the system and the accuracy of the analytical 
model. 
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